Abstract. We give manifolds whose Riemann curvature operators commute, i.e. which satisfy R(x 1 , x 2 )R(x 3 , x 4 ) = R(x 3 , x 4 )R(x 1 , x 2 ) for all tangent vectors x i in both the Riemannian and the higher signature settings. These manifolds have global geometric phenomena which are quite different for higher signature manifolds than they are for Riemannian manifolds. Our focus is on global properties; questions of geodesic completeness and the behaviour of the exponential map are investigated.
Introduction
The study of curvature is central not only to Differential Geometry but to Global Analysis and Topology as well; one must relate properties of the curvature tensor to the underlying geometry and topology of the manifold under consideration-the curvature tensor not only describes the geometry, but in a broad range of situations provides useful information about the topology and analytic properties of the manifold, especially when considering the global aspects. Much of this analysis involves examining a natural operator associated with the curvature; one studies commutativity or spectral properties of this operator. There are many operators which can be considered; the skew-symmetric curvature operator R(x, y) is perhaps the most natural one in this context. In this paper, we investigate a very natural geometric question by studying the global properties of manifolds which satisfy the condition Stanilov and Videv [16] , and by Tsankov [17] are only a few that could be mentioned; as the literature is a vast one, we must content ourselves with referring to the bibliographies in [6, 8] for further citations-the field is a vibrant one with a growing bibliography! A variety of methods, ranging from algebraic topology to elliptic operator theory and to classical invariance theory, have been used to study the spectral geometry of the curvature tensor; consequently, we expect it would have been of interest to Jean Leray.
Although the focus of this paper is on questions in global geometry, it is often convenient to study geometrical problems by first working in a purely algebraic context. One says that M := (V, ·, · , A) is a 0-model if V is a vector space of dimension m, if ·, · is a non-degenerate symmetric bilinear form on V of signature (p, q), and if A ∈ ⊗ 4 V * is an algebraic curvature tensor on V ; this means that A satisfies the usual curvature symmetries:
A(x, y, z, w) = A(z, w, x, y) = −A(y, x, z, w), 0 = A(x, y, z, w) + A(y, z, x, w) + A(z, x, y, w).
Let A be the associated skew-symmetric curvature operator:
A(x, y)z, w = A(x, y, z, w).
One says that A is skew Tsankov if
If M := (M, g) is a pseudo-Riemannian manifold, let R be the curvature tensor of the Levi-Civita connection and let the associated 0-model be given by
One says that M is skew Tsankov if M(M, P ) is skew Tsankov for every P ∈ M . The notation is motivated by the seminal result of Tsankov [17] who, following foundational suggestions of Stanilov, studied similar questions for hypersurfaces in R m ; Tsankov imposed an extra condition of orthogonality that we shall not impose here. Similar questions arise for the Jacobi operator; see [3] for further details.
Here is a brief guide to this paper. In Section 2, we give a complete classification of Riemannian (p = 0) skew Tsankov algebraic curvature tensors. In Section 3, we present a family of irreducible 3-dimensional Riemannian skew Tsankov manifolds. In Section 4, we present a family of irreducible 4-dimensional Riemannian skew Tsankov manifolds. These examples indicate that despite the fact that the algebraic classification is complete, the geometric classification promises to be more difficult; questions of global geometry turn out to be deeper than the corresponding algebraic questions in this instance.
